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INTRODUCTION 
Grinding the surface of cerarnic components inevitably introduces rnicro-damage in 
their near-surface region. Surface darnage appears in the form of surface roughness, residual 
stresses, and distributions of rnicrocracks. Microcracks generated by surface grinding are of 
three kinds: lateral, median, and radial cracks. Lateral cracks run parallel to the surface, and 
are responsible for material removaL Median and radial cracks extend normally to the surface 
into the bulk, with the fmmer running parallel to the grinding direction, and the latter 
extending normally to it. Median cracks are the deepest of the two, and are responsible for 
degradation of the surface fracture properties. A method for the non-destructive 
characterization of surface crack distributions in brittle materials is, therefore, much needed. 
Surface acoustic waves (SA W), and in particular Rayleigh waves, have been widely 
used in NDE as a probe to characterize mechanical and structural properties of solids in their 
near-surface regions. Of relevance to the present subject, for example, Chu, Hefetz, and 
Rokhlin [1], and Hefetz and Rokhlin [2] investigated thermal shock darnage in ceramies by 
means of ultrasonic waves. They used measurements of leaky Rayleigh velocity to obtain the 
effective shear modulus of the cracked material under the assumption that the crack 
distribution affected the whole bulk of the sample. The case where the distribution of cracks 
exists only in the near-surface region was not dealt with, and, to the best of this author's 
knowledge, an exhaustive theoretical model describing the interaction of a Rayleigh wave 
with a distribution of surface cracks has not yet been developed. In an article which is 
shortly to appear [3], a hemistic model to predict Rayleigh wave velocity changes due to a 
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distribution of one-dimensional, non-interacting, surface-breaking cracks is presented. The 
modeling follows Kachanov's approach [ 4] to describe the effect of a crack's contribution on 
the elastic properties of the material, and will be described in detail in the following section. 
Here, the work presented in [3] is improved on by including in the model the effect of the 
interaction between first neighboring cracks, that is, by removing the constraint irnposed by 
the independent crack approxirnation. 
This work concems itself with distributions of cracks having depths of the order of a 
few rnicrons at most. The most suitable ultrasonic technique to investigate distributions of 
such shallow cracks seems tobe acoustic rnicroscopy. In its most conventional use acoustic 
microscopy allows for measurements of SA W velocity with an accuracy of the order of 0.1% 
by operating with quasi-monochromatic waves. Throughout this study, therefore, the 
frequency of the intelTOgaring Rayleigh wave is maintained constant, whereas the parameters 
characteristic of the crack distribution, such as crack depth and crack average distance, are 
varied. 
A description of the theoretical modeling is presented next, together with the 
constraints which apply to this model. The few numerical results currently available are also 
presented, and comments on them offered. Since this study is still in progress, any definitive 
conclusion must await the completion of the numerical part of the investigation. A more 
exhaustive discussion of this model, of its mathematical aspects, and its numerical 
predictions will be presented in a later article. 
THEORY AND NUMERICAL RESULTS 
This approach utilizes the concept of effective medium, and it is developed in the low-
frequency Iimit. Therefore, the following conditions are satisfied throughout this work, 
(d) I A < 1 , 
hl A < 0.1, 
(La) 
( 1. b) 
where A is the wavelength of the Rayleigh wave, (d) is the mean distance between 
neighboring cracks, and h is the depth of a crack. Equation (La) guarantees that, on 
average, there is at least one crack per wavelength. Here all the cracks are parallel to each 
other, and are ofthe same depth, h. 
A distribution of surface-breaking cracks alters the average compliance of the near-
surface region of the solid. This fact suggests that a real cracked surface could be modeled 
by means of a system consisting of a layer on a substrate (fig. (1)). The elastic properties of 
the substrate are those of the host material, whereas those of the layer account for the effect 
of the crack distribution. The thickness of the layer is determined by the depth of the cracks. 
The basic assumption of this approachisthat the dispersion of SAWs supported by such a 
layered system is a suitable model for the dispersion of surface waves propagating over real 
162 
X 
-> 
z 
(a) (b) 
Figure 1. Real cracked surface (a), and effective layered medium (b). 
cracked surfaces. In what follows, the derivation of the layer compliance tensor will be 
desclibed. 
As in ref. [3], the starting point of this model is the following equation 
X 
N 
e(x) = S0 :<J(x)+~ I[E(x,.)n,.+ll,.b(x,.)]o(x,.-x)u(z I h,.) , (2) 
r=l 
which provides the strain field e(x) in terms of the applied stress field cr(x) and the crack 
opening displacement (COD), b(x,.) , of the r-th crack, r=l, ... N, Iying within the 
representative region of length L (see fig. (1)). In eq. (2), S0 is the compliance tensor of the 
uncracked material, and u( z I h,.) is the characteristic function of the r-th crack. The function 
u( z I h,.) is equal to 1 for z< h, and 0 elsewhere. The stress components of a Rayleigh wave 
which cause the opening of the crack are 
[ 2(k~-kl)+kf ( ~ 2 2) ( ~ 2 2 )] crxx(x,z) = 2AkR 2 2 exp - kR -kLz -exp - kR -kyz x 2kR - ky , (3a) 
exp[i(kRx -rr/2)] 
In eq. (3), A is a dimensionless constant which controls the amplitude of the Rayleigh wave, 
and kR, ky, and kLare the wavenumbers of the Rayleigh, shear, and longitudinal waves, 
respectively. If the crack distribution is uniform over the representative length, L, then by 
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taking the ensemble average of eq. (2) the following relationship between the mean strain, 
e(x), and Stress fields, cr(i), is Obtained, 
N 
e(i) = S0 :cr(i) + 2~ I,[E(x)n + nb(x)L u(z I h). (4) 
r=l 
In eq. (4), hr= h, r=l, ... , N. Note that the contribution to the strain field due to the COD of 
the r-th crack has been redistributed uniformly over the entire length Las a result of 
averaging over all the possible configurations of the crack distribution. 
In ref. [3] the COD of the r-th crack is calculated under the assumption that the only 
stress field acting on the crackisthat carried by the Rayleigh wave, i.e., the COD of the r-th 
crack is not affected by the presence of the surrounding cracks. Here, in addition to the 
stresses due to the incident wave, the interaction between first neighbors is accounted for. 
This part of the modeling is carried out by solving a system of integral equations for the 
dislocation densities of three neighboring cracks. Once the dislocation densities of the central 
crack are known, they can be integrated to yield the two components of the COD. The 
ensemble average of the COD is obtained by averaging the components of the COD over a 
sample of 250 triplets. The position of the central crack is the same for all the configurations 
of triplets considered, whereas the distances of the extemal cracks from the central one are 
treated as random variables. In this work a gamma probability density, shifted from the 
origin along the x -axis by an amount equal to the crack depth, h, is used to locate the 
extemal cracks, 
sa.-1 
p(s)= a. exp(-s!ß). ß r(a) (5) 
In eq. (5), s represents the stochastic variable related to the crackmutual distance, d, by 
d = h + s. The rigid displacement of the distribution simulates the unlikelihood of finding 
two cracks placed at a distance smaller than their depth. In fact, two such cracks would be 
very likely intersected by a lateral crack with consequent material removal, and the 
disappearance of the cracks themselves. In eq. (5) the parameter ß is set equal to 2 units of 
length, whereas a is determined by the following relation with the average distance between 
neighboring cracks, (d), 
(d) = h+aß. (6) 
Figure (2) shows four plots of p(s) for four values of the product aß. The product aß in 
eq. (6) is the mean value of the stochastic variable distributed according to eq. (5). Equation 
(6) also implies that the deeper the cracks, the lower the crack density. 
The depth dependence of the stress field carried by a Rayleigh wave in conjunction 
with the non-local nature ofthe COD with respect to the stress field, force eq. (4) tobe 
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Figure 2. Ganuna distribution for four different values of the product aß. 
further averaged over the depth of the cracks. This averaging is performed to homogenize 
the near-surface region of the solid. The result of this second spatial average is 
(7) 
where all the field quantities no Ionger depend on the z variable. In eq. (7) v = N I L is the 
linear crack density. Note that the effect of the crack interaction is entirely contained in the 
COD, while that of the crack density is accounted for directly by the factor v, and indirectly 
by the COD through the dependence of the crack interaction on the average crack distance. 
The two components of the average COD, (b;(x)), i=l, 3, can be written as linear 
combinations of the components of the average Stress field, ( Ö" jk (x)) , j , k=l, 3, that is, it is 
possible to find four constants B Ij suchthat 
(8) 
The constants B ij define the crack compliance tensor. Figure (3) illustrates a comparison 
between the calculated normalized values of the normal and transverse components of the 
COD and the plots of the linear combinations of the stress field components versus the 
position of the central crack. Equation (8) states that the average COD is a local quantity with 
respect to the average applied stress field. This is not a trivial Statement considering that the 
interaction between first neighbors has been included in the model. 
By introducing eq. (8) in eq. (7), the latter can be recast in the form 
(e(x)) =(so +M):(cr(x)), (9) 
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Figure 3. Compruison between the calculated values of the nonnalized components of the 
COD and the plots of the linear combinations given by the r.h.s. of eq. (8) versus the 
position of the central crack. 
where I:!.S is the extra-compliance matrix, which accounts for the effect of the crack 
distribution on the elastic properties of the surface. Using the test stress field 
where 
the exn·a-comp1iance matrix is found to have fow- non-zero elements. They are 
(10) 
(11) 
I:!.S 11= 2vhB 11 , I:!.S 13= vhB 13• I:!.S 31= vhB 31, and I:!.S 55= vhB 33/2 . In eq. (11), kR is 
the wavenumber of the average Ray1eigh wave. 
The dependence of the compliance S on the z coordinate is therefore, 
ifz 5. h 
ifz > h 
(a) 
(b) 
(12) 
Equation (12) defines the structure of an effective medium, which consists of an anisotropic 
layer with compliance given by eq. (12a) on an isotropic substrate, having the elastic 
properties of the uncracked host material, S0 (eq. (12b)). Had I:!.S been calculated under the 
independent crack approximation, the elements B 13 and B 31 would have been zero [3]. On 
the other hand, since the crack interaction is included in this model, B 13 and B 31 arenot 
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Figure 4 (a) Normalized COD vs. normalized crack depth; (b) variation of the crack 
compliance constants B 11 and B 33 due to the crack interaction. 
zero, and they measure the coupling between the local shear Stress and the n01mal 
displacement ( b 1), and between the local normal stress and ( b 3 ). respectively. Bearing in 
mind that the cracks are assumed tobe open, a negative sign of B 13 and B 31 is physically 
acceptable, meaning that the shear and/or the normal stress tend to reduce the COD. 
Figure ( 4a) illustrates the effect of increasing the crack depth on ( b 1) and ( b 3). 
Here, the crack average distance, (d), is set equal to 0.3 A . Figure(4b) shows that, for this 
value of (d), the interaction between neighboring cracks changes the sign of the variation of 
B 11 at about h I A =0.065. In addition, it shows that the deeper the neighboring cracks, the 
stronger the effect of their interaction with the central crack. Finally, it is worthy of notice 
that maintaining (d) constant while the crack depth is increased reduces the width of the 
gamma distribution (see eq. (5) and fig. (2)), so that the distribution resembles a petiodic 
array of cracks further and further. Thus, under these circumstances, the phase relation 
between the fields scattered by neighboring cracksloses its random character, and effects 
typical of a coherent interaction must be expected to arise as the crack depth increases. 
CONCLUSIONS 
In this article a model to predict Rayleigh wave velocity changes due to distributions 
of one-dimensional, interacting surface cracks has been presented. The model represents the 
real cracked smface by means of an effective medium consisting of an anisotropic layer on an 
isotropic substrate. The elastic properties of the effective layer are evaluated by accounting 
for the effect of the interaction between first neighboring cracks on the COD of each crack. 
The model assumes that dispersion of a Rayleigh wave propagating on a cracked surface to 
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be simulated by that of a guided wave which degenerates into a Rayleigh wave when the 
layer disappears. 
Though specific to a particular crack distribution, the few numerical results available 
so far show that first-neighbors interaction can considerably affect the average response of a 
crack to an incident Rayleigh wave. Consequently, interaction between one-dimensional, 
surface-breaking cracks is expected to play a significant role in determining the Rayleigh 
wave velocity, and, therefore it must be taken into consideration in modeling dispersion of 
SA W. Numerical evaluation of the Rayleigh wave velocity as a function of the distribution 
paramenters are under progress. 
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